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ABSTRACT

This paper presents the development of a second order theory for trajec-
tories in the vicinity of the lunar libration point L,. This development is
based on a four-body model including the sun, earth, moon, and a satellite,

all assumed to move in the same plane.

As a result we obtain a system of two simultaneous second order differ-
ential equations with time dependent coefficients. Some selected solutions
of interest are derived here, including a first order periodic solution and a
second order quasi-periodic solution. Various trajectories around L, are
plotted and computations of the velocity, acceleration, range, range rate and

flight path angle are presented.
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1. INTRODUCTION

The general three body problem is known to admit only one solution, the
one found by Lagrange. This solution is satisfied at the five libration points
of the earth-moon system. The libration point, L,, located at the far side of
the moon is of special interest to scientists lately because it could provide

an "anchor'" for a communications satellite behind the moon.

However, the three body model yields only a rough first order approxima-
tion to the motion of a satellite in the vicinity of L,. Even this solution
demonstrates that L, is an unstable "anchor'" or, in other words, a satellite
will not stay in orbit around L, unless forced to by an onboard variable

thrust engine.

It is precisely for this reason that we are interested in finding out an
improved approximation to the motion about L,. The relevant factors that do
not appear in this earth-moon model include the gravitational field of the
sun, the oblateness of the earth, the eccentricity of the moon's orbit, and
the inclination of the moon's orbit to the earth's equatorial plane. Two other
factors that are also excluded are the pressure of solar radiation and meteo-
roid disturbances. Of all of these external perturbative forces, the gravita-

tional field of the sun is the most important.

In this analysis we will consider first and second order effects of the
sun on the motion of a body around L.; these effects introduce a non-homogeneous
forcing function. We construct a four body model consisting of the sun, earth,
moon and a satellite stationed initially at L, or its immediate vicinity. The
sun and the moon are assumed to move in circular coplanar orbits with respective
constant angular velocities ¢ and w. By assuming w to be constant, we clearly
neglect the eccentricity of the moon's orbit. An expression for a generalized
acceleration, including solar perturbation, is then developed. Its components

are the force functions of the equations of motion.

The complete solution is given in terms of first and second order solu-

tions derived by the method of regular perturbations. Furthermore, the initial

-— =3 o~

nditions are chosen i way as to eliminate the dominant unstable

e n
ouULiL WGy iailngit

contribution., This effect can be implemented in practice during the injection

of the satellite into its orbit around L,. One has to specify an injection



location and then the injection velocity. Although the second order solution
is unbounded in time, its rate of growth is small and can be corrected by an
onboard engine, Various computations such as velocity, acceleration, pertur-
bative acceleration, range, range rate, etc., are presented here as related

to the trajectory. These computations, which include the effect of solar
perturbation on the motion, give sufficient information to design a mechanical

correction for the unstable effect of the motion.

It should be noted that a first order analysis with solar perturbation has
been done before for a satellite near the collinear libration points, but, as
our paper will show, second order effects in solar perturbation are of great
importance since L, is an unstable point. Thus, these effects must be included

to give a good analytic approximation to the motion, as was done here.




2. DERIVATION OF THE EQUATIONS OF MOTION

The following derivation is for a 3-body system in 2 dimensions, describing

a planar motion, The effect of solar perturbation will be added later.

Yo '%
i .
! \ P
N A r
\ -2
\ / \‘\..\ X
\ M
A <y P
\x / . ”,/"/'
\\“ /,// 7\2. '_‘_,»”’
X //.,
"//.‘.
- . e
- onte
] /'-'/{1/ baﬁ‘]c
- : /// -
e - X
E E
Figure 1. Coordinate Systems

Let (XE, YE) be a set of inertial coordinates referenced at the earth's
center. In terms of the rotating coordinates (X, Y), centered at the earth-
moon barycenter, the equations of motion for a satellite, P, due to the gravity

field of the earth and the moon are:

b v - .2¢ _ X-X1 X-X2)
X - 20Y = «°X g L?;g—l by i;;g—‘ (1a)
§+2wx=w2Y-|J,Er—;f-3—-pM;2¥?; (1b)

where w denotes the rate of rotation of the earth-moon system, and the terms 2uX,
20Y are the Coriolis accelerations, whereas the terms o°X, o°Y are the centrifugal

accelerations.

At the five "libration points'" the right hand side of equations (la) and (1b)

is identically zero, and thus the solutions at these points are X = constant, Y

constant. Let the coordinates of the L, libration point be given by X = Xc’ Y = Yc.

Then in order to study the small motion near (Xc’ YC), let X = Xc + x and Y = YC +y

in (la) and (1b), and expand the r.h.s. about (Xc, YC). If we expand only up to

and including the first two terms of

set of linear differential equations

the Taylor series, we will obtain the following

in (x, y), centered at L,.

-3-
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Figure 2. Location of L,

To include solar perturbation we must develop an expression for the accelera-
tion of the satellite P, relative to the acceleration of the libration point L.
That is:

*pr, - PE T TL,E )

Then the equations of motion will read:
X - 20y - (1 + 24) ofx = a (5a)

y o+ 2(1)}; - (1 -4) °y = ay (5b)

where a, ay denote respectively the x and y components of ¥fL .
2




So we proceed to develop expressions for t and T in terms of known parameters.
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Figure 3. 4-Body Configuration

The acceleration with respect to earth, of the moon, M, due to the gravita-

tional attraction of the earth, E, and the sun, S, is given by:

. H W 1 U

£ - E # M 2 + S £ S 2 6)
= - — - — — -

EM rEM EM rEM EM rMS MS ré; ES

The only vector in (65 that is not known directly is fﬁs.

But Ty = fES - fEM 7N
2 2 2% ES EM EM
d = r2 _ 9% . T + = [ - ]
and ryo = rpg - 28pg - Tpy *Tpy = Tog |l

ES

. L. . 1
Using the binomial expansion and retaining only second order terms in — , we

obtain: ES
T -F r2 (T T )?
3 £3 [1 +3 ES "EM 3 _%ﬂ + 5 ES "EM ] (8)
~ - Y - T i
MS ES rES 2 rES 2 rES



Substituting (7) and (8) into (6) and rearranging terms, retaining only fourth

order terms in ;l— :
ES
+ - ._.s — ._x
% B Mo, s, o, 2CEs e . g T N
~ T T3 3 - - - R
EM TeM EM rES EM rES ES rES EM
2 = = 42
3 "mw ., 15 UesTR (9
- — =2 T |
2 rES ES 2 rES ES
Now, prE = (1 + p) fEM as can be seen from Figure 2,
= - + =
then erE (1 n) ToM (10)
and:
. ug * by M 3T Try)
E > S a ES  EM’ -
T ~- L+ o) —— 1+ (1 +p0) =7 [- Iyt T3 T
L,E TEM EM rES EM T'tg ES
- o 2 = .“‘ 2
g Tey) . .3 ™M . |15 (g Trw) - ] (11)
E 3 Y
res EM 2 rES ES 2 rES ES

The acceleration of the satellite, P, with respect to the earth, due to the

attraction of the earth, moon, and sun, is:

b m i

" E . My UM . S . S s

¥ = - — T +—3-r - + == 7 - =T (12)
PE rPE PE rMP MP rEM EM rPS PS rES ES

where ?PE is the distance vector from the earth to the satellite. To obtain a

good approximation for T__ we perturb the satellite along the earth-moon axis by

PE
a distance x measured from L,. The motion is not perturbed in the normal direc-

tion since the dominant gravity effect is along the earth-moon axis. Since the
motion is confined to the neighborhood of L,, due to the linearization of the

equations of motion, x is small compared to r but the inclusion of x gives rise

EM’
to a few large terms in the equation of motion as will be seen now.

Thus let T g = (L +0) T

P x1 (13)

+
EM

where i denotes a unit vector along the x-axis.

It then follows that:

and

r = ot +xi (14)

MP EM

(15)



2
2 2 2 2 X 1 X
rs = (1 + o) T 1 T 2 T3 ]
+
PE ol o Tpy (o) T2,
2 2 .2 | X 1 ¥ 7
T = p T 1 + = — - -—2- ‘
MP EM 0 rEM 0 rEM
2 = -
2 = T . 2(pgTpp)
Tes = Tpg Lt 5T - T2 |
ES ES

Applying the binomial expansion and neglecting second-order and higher terms in

x/rEM, we obtain:

a 3 3 3 X ]
r=_ o~ (1 + )" rz [1 - TTs T (16)
PE EM 1+p rEM J
3 3 3 3 X
= o~ pTo TS [1 -= — (17)
MP EM 0 rEM ]
2 = -~ [ = 2
R [1 3 e, 3(fpg Tpg) L 15 (psTpp)” (18
= - 2 2 5 T ra
PS ES 2 TEs s 2 T

Substituting (18) in (12) and neglecting fifth-order and higher terms in l/rES

we obtain for r__:

PE
2 P

: n 1t T 3(

TS T S Mo, [ 2 3’k ., VESTE L
=T - - IR 2

PE o PE L MR TR TEM  rZ PE © 2 2 ES = ES

SCpsTep) . 15 Umsee) (19)

- 4
T2 PE 2 T ES

Substituting (11) and (19)in (4) , we get the expression for the net acceleration

of the satellite P with respect to L,:

b 9 Mo T Mo ~
o E - M . By E MM . ST a
~ - + - + (1+ + -
oL, ~ ToE TPE Te MP T T Ty © (1+0) =8 TEM 2 L~ TpE
2 2 - EX
T r 3(x_.-T__)
3 'pE . 3 EM - ES 'PE’ _
+ () r, - r tS(ltp) >t ———— T
EM 2 rES ES 2 rES ES rES ES
Tps"Trw) 3(Fgg Tpg) (Tgs.Tpp)
-3 (*o) ES © 12 tpg © 3 (F0) =3 “EM
ES ES ES



-~ = 2 - 2 2
15 Fps Tpg) ™ . 15 (Cpstem)” . A
t o Ty -5 (P~ F (20)
ES ES ES
Let T.__ = I+ i
€ ES = *Es Ygs 4
em T Tem *
then (Fpo Trpy) = XggTpy

-# = (1+ +
(Ppg Tpp) = (1F0) Xpe¥py * ¥pe*

Using these relations in addition to (13), (14), (16) and (17), we obtain a

simplified version of (20):

i
s ___'E __3__x_1[+ - +f+_“u,_[
oL ~ T rg)° 2. EM[I e rEM" (1+p) Ty x1] T 1

+
Hg 7 My o

- %'?ig 7 [p Ty ¥ x{} N oy + (1+0) B M
ES ES EM
¥ ?%g ['p (1+0) *pgTpy Ty - (1+°)XEerM*; * (1+°)XESXFEM]
+ 15 ES Lo (1+p) xES E2M + 2 (1+0) XEQSrEMx]} (21)
At x = 0 the contribution to %PL of the moon and the earth is zero since a

2
libration point in the three body system is a point where the sum of the forces is

zero. That is:

Hg R i v

at x=0 T earth = « =/ —3 ¥,  * =5—3 -— T
+ 3
PL, moon (1+p) TeM EM o Tom EM TEM EM
o +
E M
+ (1+p) —/5— Tem = 0 (22)
EM




With (22) taken into account, (21) now becomes:

_ o - T - 1
Tpr, ~ T3 L%"(HE)SJLi 3 s 8
2 EM EM - ES
. 7 - :
{'Xi i %Fgg "By [o (Ito) *+2 (1+o) — |+ }%—S}‘Esx
“ ES EM ~ ES
+ —%— [-o (1+o) % r r - (l+o)x_ r_ xT + (1+p) x__xF h
r2g L ES EM EM P/ Es EM ES" EM |
-
15 'E r 2 .2 2 1
_— + + + ,
o ra 10 (M) xpgTyy © 2 (14o) XpeTpyx i (23)
ES
With x = 0 the above expression for %PL reduces to that developed by
2
F. T. Nicholson (ref. 4 ). However, in our case first and second order terms
in solar perturbation appear in the acceleration, and the contributions of the
earth and the moon are also included.
In accordance with egs. (5a) and (5b) we are looking for the rectangular
components of 7 .
PL,
t 7 = e . -
Le rPL;2 ad *a] (24)
and break % into its components to obtain a_ and a .
PL, x y
u " " X - -
r .
Bx Q’r% L (§+ > ;g. x * rss i % r}gS rE; LO (I0) * 2 (1%0) rX |
EM ° ES ES EM -
2
X X
ES 3 T 21, 15 "ES [ 2 _2
+3—=>x + =3 |- 0 (L+p) x_.r L+ 2 =2 p (1) r
T2 L ESEM. 2 T L *ESTEM
+ + 2 ) }
2 (L+o) XpeTpyX |
Rearranging and neglecting terms in x of order ;§~ and higher, we obtain the
final expression for a ES
o Mo — o ~ XE 3 X -
2 E M5 3 S =2 S ES
=L - fx + = + —=) -3 (==
8% NED (It T2 ¥ 20 (I*0) r2 “EM LS (r“ ) -3 (rﬁn)j
o : Lo ES no
b
P 8T (B2 ] (25)
T T
ES ES )



Similarly:

gt L g Lo 2 T TS
Yy Tgg ES . EM s
P BB T gy x2 a2 2 (Lhe) ey, |}
2 Thg *EsTEM : STEM J

Rearranging as previously:

3 g =  *gs o  YEs Ygs . 7
a ~= p(lto) —— r 5(—) (=—)-(—)
2 Tgg EM i *ES TES TEs ]
by *gg Y
s s ES
+3ra (r )(r ) X (26)

ES ES ES

As can be seen, ay contains only solar terms. This is an expected result
since we assumed perturbations only along the x-axis. As stated before, the
earth and the moon do not exert large forces on the satellite normal to their
axis as long as the satellite is in the neighborhood of L,. We simplify the

equations by introducing the following constants.

K. = 2 [ "E MM
* rEEM (1+o)® = °
(1+0) 5 2
K, =% p (1tp) —/ r
2 rES EM
"
S
K = 73—
ES
where
M M
-ex —E __ 2.3 __E
b K ME - MM = w° Ty ME T MM (27)
Mp ™ My Mp ™ My
M M
g —S 2.3 __ S5
S T Mo Y TEM M, My (29)
I
and ;E§ = 388.9237
EM
Thus
+
e T O 0
y o= 27 | (1+0)3 o3 ! 2)

-10-




Frp Mg/ My + M)

Ko = % p (1*0) ——358.97237)% (30b)
tuJeMS/(M.E + MM)
Ks = —7388.9237)° (30¢)
/(M + M) /M, + M)
and A = ME (Tfp)amﬁ + MM ?E MM (30d)

We adopt the units of kilometers and days so that most of our computations will

be of the order of one. Furthermore, since we are dealing with long missions,

the units of days are quite appropriate. The constants used are defined below:

MM/(ME + M) = 0.0121
Mo/ (M + M) = 0.9879
+ =
MS/(ME MM) 328,430
o = 0.167832
w = 0.22997 radians/day
¢ = -0.2128 radians/day
Tem = 384,752.7 kilometers
A = 3.17979
K, = -0.20512 radians®/day®
K, = 0.8587319 x 10-' (kilometers)/day?
Ks = 0.29525 x 10-® radians?®/day?

Now, suppose that the sun moves in a circular orbit, coplanar with the

moon's orbit in the (x, y) plane, with an angular velocity 4. Then:

xES = rES cospt
(31)

Ygg = Thg singt

Substituting (31) into (28) and (29) we obtain expressions for the

ion in terms of x and t.

a ~Kx+K, [5 cos®gt - 3 cosgt] + Ky [3 cos®pt-1] x

-11-



- | od -

ay ~ K, LS cos®@t singt + sin@tj + 3 K, LCOSmt sinmtJ X

A further rearrangement leads to a simpler mathematical form with double

and triple angles.

1 T 1 r a
—~ 4+ = + [ + [
a ~ K, x A K, ES cosapt 5 cos3¢tj 5 K, Ll 3 cosZ@tJ X (32a)
a m/l-K [sinmt + 5 sinB@tj + 2-K [sinZ@tW X (32b)
y T4 7" ,[ 2 8 )

The resultant acceleration is:

a=a(x,t) =Va? + a?° (33)

X y

at x=0, which coincides with the location of L, :
Ko [ 2 . . .on/=
a = 7= L26 +8 cos®¢gt + 30cos3 gt cospt + 10 sin3gt 31nmtj (34)
and the maximum acceleration at x=0 is:

a = 2K, = 0.171746 kilometers/day®
max ‘

In Figures 4 and 5 (pages 20 and2l) a (x, t) is plotted as a function of t

for fixed values of x.

Substituting (32a) and (32b) in the equations of motion for the satellite

(5a) and (5b), we obtain:

X - 2w§ - (1+24) @°x = K;x + % K, [3 cosgt + 5 cos3pt]

- + % Ky [1 + 3 cos2at] x (35a)
¥+ 24x - (1-A) o3y = % K. [sinat + 5 sin3gt] + % Ks [sin2¢t]x (35b)

These are the linearized equations of motion for a satellite in the vicinity

of L,, including both first and second order effects of solar perturbation.

-12-




Table 1

Perturbative Acceleration of Satellite at L,

a, (kilome- a,, (kilome- a (kilome-
t (days) ters/day®) ters/day®) ters/day®)
.00 .17175 -.00000 .17175
1.00 .14915 -.68500 x 10-* .16413
2.00 .89765 x 10" -.11160 .14322
3.00 .15478 x 10-* -.11383 .11488
4.00 -.46866 x 10t -.75687 x 107! .89022 x 10-*
5.00 -.75944 x 107t -.13361 x 10-! .77111 x 10-*
6.00 -.64205 x 10-? 47681 x 10 .79973 x 10-*
7.00 -.20666 x 10! .82775 x 10~* .85316 x 10-'
8.00 .32836 x 10- .77801 x 107* .84446 x 10"
9.00 .70455 x 10~ .34758 x 10-* .78563 x 10-"
10.00 .72738 x 10~* -.29024 x 10-" .78315 x 10"
11.00 .34490 x 10-1 -.87729 x 10-° .94265 x 107"
12.00 -.32981 x 10-* -.11725 .12180
13.00 -.10615 -.10474 .14913
14.00 -.15841 -.53721 x 10~* .16727
15.00 -.17044 .17252 x 107" .17131
16.00 -.13777 .81807 x 10~ .16023
17.00 -.72519 x 10-* .11609 .13688
18.00 .13288 x 10-2 .10807 .10808
19.00 .57311 x 10-* .62245 x 10~ .84611 x 10~
20.00 .76783 x 10-* -.22258 x 10-3 .76815 x 10~
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Table 2

Perturbative Acceleration of Satellite Near L,
(x = 1 kilometer)

ay (kilome- ay (kilome- a (kilome-
t (days) ters/day®) ters/day®) ters/day®)
.00 -.33082 x 10-* -.00000 .33082 x 107*
1.00 -.55689 x 10-* -.68683 x 10-! .88423 x 10-1
2.00 -.11511 -.11193 .16056
3.00 -.18946 -.11426 22124
4.00 -.25186 -.76126 x 107! .26311
5.00 -.28100 -.13737 x 10-? .28133
6.00 -.26930 .47435 x 10~ .27345
7.00 -.22579 .82703 x 10-* .24046
8.00 -.17228 .77916 x 10-! .18908
9.00 -.13463 .35040 x 107! .13912
10.00 -.13230 -.28627 x 10t .13536
11.00 -.17049 -.87286 x 10-! .19154
12.00 -.23790 -.11684 .26505
13.00 -.31102 -.10444 .32809
14.00 -.36325 -.53580 x 10-! .36718
15.00 -.37527 .17208 x 10-! .37566
16.00 -.34262 .81585 x 10-! .35220
17.00 -.27741 .11573 .30058
18.00 -.20362 .10764 .23032
19.00 -.14770 .61814 x 10-? .16011
20.00 -.12828 -.25762 x 1072 .12831
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Table 3

Perturbative Acceleration of a Satellite Near L,
(x = -1 kilometer)

ax (kilome- ay (kilome- a (kilome-
t (days) ters/day?) ters/day®) ters/day?)
.00 .37657 .00000 .37657
1.00 .35399 -.68317 x 10-* .36053
2.00 .29464 -.11127 .31495
3.00 .22041 -.11341 .24788
4.00 .15813 -.75248 x 107! .17512
5.00 .12911 -.12985 x 10-! .12976
6.00 .14089 .47927 x 10-t .14882
7.00 .18446 .82847 x 10-t .20221
8.00 .23795 .77686 x 10t .25031
9.00 .27555 .34477 x 107t .27769
10.00 .27778 -.29422 x 10! .27933
11.00 .23947 -.88172 x 10-* .25519
12.00 .17194 -.11766 .20834
13.00 .98716 x 10~ -.10505 .14415
14.00 46425 x 10-1 -.53863 x 10-! .71109 x 107!
15.00 .34389 x 10-! .17297 x 107t .38494 x 10-*
16.00 .67081 x 1071 .82030 x 10-* .10597
17.00 .13237 .11645 .17630
18.00 .20628 .10851 .23307
19.00 .26232 .62676 x 10-! .26970
20.00 .28185 -.18754 x 10-7 .28186
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Table &4

Perturbative Acceleration of a Satellite Near L,

(x = 0.5 kilometers)
a_ (kilome- a_ (kilome- a (kilome-
t (days) ters/day?) tdrs/day?) ters/day®)
.00 .69322 x 10-1 -.00000 .69332 x 10"
1.00 46732 x 10~ -.68591 x 107" .82998 x 10-"
2.00 -.12675 x 107 -.11177 .11248
3.00 -.86988 x 107 -.11404 .14343
4,00 -.14936 -.75907 x 107! .16755
5.00 -.17847 -.13549 x 10! .17898
6.00 -.16675 .47558 x 107" .17340
7.00 -.12323 .82739 x 10-' . 14843
8.00 -.69724 x 10-* .77859 x 10~* .10451
9.00 -.32090 x 10-* .34899 x 107" 47410 x 10°"
10.00 -.29782 x 10 -.28825 x 10! 41447 x 107"
11.00 -.68000 x 10~* -.87508 x 107* .11082
12.00 -.13544 -.11705 .17901
13.00 -.20859 -.10459 .23334
14.00 -.26083 -.53651 x 107* .26629
15.00 -.27285 .17230 x 10~ .27340
16.00 -.24019 .81696 x 107" .25371
17.00 -.17496 .11591 .20987
18.00 -.10114 .10785 .14786
19.00 - 45194 x 10" .62030 x 10-* .76748 x 107!
20.00 -.25750 x 10! -.24010 x 10~% .25862 x 10-!
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Table 5

Perturbative Acceleration of a Satellite Near L,
(x = -0.5 kilometers)

’ a (kilome- a_ (kilome- a (kilome-
t (days) ters/day®) tdrs/day?) ters/day®)

) .00 27416 .00000 27416
1.00 .25157 -.68409 x 10-* .26071
2.00 .19220 -.11143 .22217
3.00 11794 -.11362 .16377

4,00 .55632 x 10~ -.75468 x 10-* .93756 x 10~*

5.00 .26583 x 10" -.13173 x 107t .29668 x 1077

6.00 .38344 x 10-* .47804 x 10~1 .61282 x 107
| 7.00 .81895 x 10-} .82811 x 10~ .11647
| 8.00 .13539 .77743 x 10-t .15613
9.00 .17300 .34617 x 10-t .17643
10.00 .17526 -.29223 x 10-* .17768
11.00 .13698 -.87950 x 10-* .16279
12.00 .69479 x 10-1 -.11746 13647
13.00 -.37179 x 10-% -.10490 .10496

14.00 -.55993 x 10-! -.53792 x 10-* .77645 x 10-1

15.00 -.68025 x 10-! .17275 x 10-* .70184 x 10-*

16.00 -.35343 x 10! .81919 x 10-* .89218 x 10-t
17.00 .29926 x 107! .11627 .12006
18.00 .10380 .10829 .15000
19.00 .15982 .62461 x 10-* .17159
20.00 .17932 -.20506 x 10-2 .17933
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Table 6

Perturbative Acceleration of a Satellite Near L,
(x = 50 kilometers)

ax (kilome- a,, (kilome- a (kilome-

t (days) ters/day®) ters/day®) ters/day®)
.00 -.10070 x 107 -.00000 .10070 x 10°
1.00 -.10093 x 10° -.77643 x 10-* .10093 x 10°
2.00 -.10154 x 10° -.12825 .10155 x 10°
3.00 -.10231 x 10° -.13503 .10232 x 10°
4.00 -.10297 x 10° -.97640 x 10-* .10297 x 10°
5.00 -.10329 x 10° -.32156 x 10! .10329 x 107
6.00 -.10319 x 10° .35398 x 10~! .10319 x 10°
7.00 -.10277 x 103 .79195 x 10~ .10277 x 10°
8.00 -.10223 x 10° .83562 x 10-* .10223 x 10°
9.00 -.10184 x 10° .48833 x 10-! .10184 x 10°
10.00 -.10179 x 107 -.91466 x 10-2 .10179 x 10°
11.00 -.10215 x 10° -.65596 x 10-' .10215 x 10°
12.00 -.10279 x 10° -.96813 x 10~ .10279 x 10°
13.00 -.10350 x 10° -.89644 x 107! .10350 x 10°
14.00 -.10400 x 107 -.46655 x 10-! .10400 x 10°
15.00 -.10412 x 10° .15024 x 10-* .10412 x 10°
16.00 -.10380 x 10° .70681 x 10-! .10380 x 10°
17.00 -.10317 x 10° .98049 x 107t .10317 x 10°
18.00 -.10246 x 10° .86339 x 10-* .10246 x 10°
19.00 -.10193 x 10° .40697 x 10-! .10193 x 10°
20.00 -.10177 x 10° -.19746 x 10-* .10177 x 10°
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Table 7

Perturbative Acceleration of a Satellite Near L,
(x = -50 kilometers)

a, (kilome- ay (kilome- a (kilome-

t (days) ters/day®) ters/day®) ters/dayz)
.00 .10413 x 10° .00000 .10413 x 10°
1.00 .10391 x 10° -.59358 x 10-' .10391 x 10°
2.00 .10334 x 10° -.94946 x 10-* .10334 x 10°
3.00 .10262 x 10° -.92637 x 107" .10263 x 10°
4.00 .10203 x 10° -.53735 x 10~* .10203 x 10°
5.00 .10177 x 10° .54331 x 10-° .10177 x 10®
6.00 .10191 x 107 .59964 x 107* .10191 x 102
7.00 .10235 x 10° .86355 x 10~* .10236 x 10®
8.00 .10289 x 10° .72040 x 10-% .10289 x 102
9.00 .10325 x 10° .20683 x 107! .10325 x 103
10.00 .10325 x 10° -.48902 x 101 .10325 x 107
11.00 .10284 x 10° -.10986 .10284 x 10°
12.00 .10213 x 10° -.13769 .10214 x 10°
13.00 .10137 x 10° -.11985 .10138 x 10°
14.00 .10083 x 10° -.60787 x 10-! .10084 x 10°
15.00 .10071 x 10° .19481 x 107! .10071 x 10°
16.00 .10105 x 10° .92933 x 10-! .10105 x 10°
17.00 .10172 x 10 13412 .10173 x 10°
18.00 .10249 x 10° .12980 .10250 x 10?
19.00 .10308 x 10° .83794 x 10-* .10308 x 10°
20.00 .10330 x 10° .15295 x 107t .10330 x 10°
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3. ANALYTICAL SOLUTION OF THE EQUATIONS OF MOTION

Since no closed form solution

(35b), we will develop approximate

is known to exist for equations (35a) and

analytic solutions of first and second

order. The constant K,, which appears on the right hand side of eqations

(35a) and (35b), is far smaller than K; and K, as can be seen from the numerical

values of these constants given in

this report., Therefore, it is logical to

express both x and y in powers of K; and then solve the equations of motion by

the method of regular perturbations.

For conformity, let € = K;. Then:

x=x, tex, + e, + ..,

2
YI+GYQ+€YS+-c-

<
It

where the subscripts denote the order of solution.

The initial conditions will be taken as

%, (0) = x(0)
%, (0) = x(0)
Yl(o) = y(0)

¥, (0) = y(0)

%, (0) = %5(0) = ... =
% (0) = %3(0) = ... =
¥5(0) = y3(0) = ... =

¥2(0) = y5(0) = ... =

In this section we will derive the
is little point in going to higher

linearlized, and are valid only in

(36a)

(36b)

0 (37)
0
0
0

solutions corresponding to €° and €!. There
order terms since the equations of motion are

the vicinity of L.
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Substituting the expansions (36a, b) in (35a, b) we obtain two sets of differen-

tial equations corresponding respectively to €° and €'.

For €©:
- X{ - 2uy,- oX; = % K, [3 cosdt + 5 cos3¢pt] (38a)
) y, + 20&1 - By, = %-Kg [singt + 5 sin3at] (38b)
‘ where o = (1+2A)4° + K, = 0.184100
and 8 = (1-A)n@ =-0.115282

Similarly, for e':

]

ia - 2m§2 - ax, 1 + 3 cos2ptix, (39a)

Njw N

¥, + 20x, - By, [sin2at]x, (39b)

The complete second-order solution will then be given by

X = Xl + K3x? (408)

y=y1 *Kayz (40b)

3.1 FIRST ORDER SOLUTION (€°)

This section will deal strictly with the system (38a, b). We first solve
the set of homogeneous equations, which gives rise to a fourth-order characteris-

tic equation:
D* + D® (4" - -B) +taf =0 (41)

which has two equal and opposite real roots denoted by + p , and two equal and

opposite imaginary roots denoted by * iQ.

1 e 1 ]2
p =77 [-(2-8)c® + K + Ju* (9A2-84) * ¢PK, (6A-8) +K,° 1 (42)
= 0.301427
Q==+ 1 2 + [mi (OAZ<BA) + «PK. (6A-8) + K,2 ]1/2 43
=75 [@-A)? - Ky + /ot (ORZ-BA) + PR, (6A-8) * K, (43)
= 0.483308
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The homogeneous solution is, therefore:

le(t) = A, sinQt + A, cosQt *+ A; sinh pt + A, cosh pt (44a)
ylH(t) = B, sinpt + B, cosNt + By sinh pt + B, cosh pt (44b)

The B's are related to the A's as follows:

B, = -v A
YA 45
B, = ® A, (45)
B, = 3 A,
where:
v = 5%5 [ + (1+2A)02 + K, 1 = 1.878986 (46)
and:
5 = 5%5 Mp2 - (1+2A)u? + K, 1 = =3.631650 (47)
The particular solution is found to be:
le(t) = A cosat + A, cos3at (48a)
ylp(t) = By sinAt + B, sin3at (48b)
where :
- Ko 2wt - 3 (*74B) 4
bs =77 Ry T T hurT (49a)
_ 5Kz 6wt = (9+2+B)
be =70 Gr92)(397) - 362 (90
1 3
= - — = + + 42 4
Bs 20¢ 4 Ko (r*¢*)As ] (49¢)
1 5 ‘ .
Be = - 5 [2Ke * (@997)A:] (49d)

The remaining four constants can be determined in terms of the four given

initial conditions. Namely:

A o BY(0) - B%(0)
1 P\/‘QS

(50a)

_0p [x(0) - A, - A,

]+ (B, *+3 Bgl- y(0)
Qy + pd

(50b)

Y.




]

Ay % [Q(O) - Ay (50c¢)

A, = x(0) - A, - Ay - A, (50d)

The general first order solution is given by:

x; (t) = A, sinQt + A, cosQt + A; sinh pt + A, cosh pt + Ay cos¢t
+ A; cos3gt (51a)
y, (t) = B, sin(t + B, cos(Qt + By sinh pt + B, cosh pt + B; sinst

+ By sin3¢t (51b)
6

where all the constants have been defined either explicitly or in terms of the
initial conditions. It is evident that this solution is unbounded due to the
presence of the hyperbolic functions. Even for small values of t the exponential
terms are larger than the sinuosoidal terms. Consequently, this solution
demonstrates little, if any, periodic behavior even in the initial phase of the
trajectory. The source of the instability can be eliminated, however, by a proper
choice of initial conditions. That is, we want the coefficients of the hyperbolic
terms A,, A,, By, By, to vanish. As a matter of fact, we must only require that
A; = A, = 0 since By and B, are multiples of A, and A; respectively (see (45)).

By letting Ay = 0 and A, = 0 (in (50c) and (50d)) we determine new expressions

for A, and A,, namely:

A, = Eégl (52a)
A, = x(0) - A5 - A, (52b)

Substituting the above in (50a) and (50b) we come up with the necessary relation-

ship among the initial conditions:

%(0)

% y(0) (53a)

5(0) = ¢(Bs+3B.) + v (Ac*A) - v(x(0) (53b)

These two relations can be implemented in practice during the injection into an

orbit around L,. Thus we have a periodic first order solution, nameliy:

X; (t) = A, sinQt + A, cos(Qt + Ag cosdt + A; cos3gt (54a)

-25-



y, (t) = B, sin(t + B, cos(t + By singt + Bg sin3gt (54b)

where:

i ol S
n

and:

>
i
it

Using the
tory, the
Namely:

v(t)

a(t)

R(t)

R(t) =

a(t)

-.09389
-.72532
0.43798
-1.09595

y(0)/y = 0.53220 y(0)
x(0)-Ag-Ag = 0.81922 + x(0)

-vA; = -1.53930 - 1.87896 x(0)

y(0)

first order solution we can then compute, in addition to the trajec-

velocity, acceleration, range to L,, range rate, and flight path angle.

= /%2(t) + y,2(0)

W ACESAC

Sx2(t) + y,2(t)

]

x (t) % (£) + v (£) ¥ (t)

R(t)

a1 (R
tan~1 [xi(t)J

3.2 SECOND ORDER SOLUTION (e!)

(35)

(56)

(57)

(58)

(59)

Having found the first-order solution, we can proceed to determine the

second-order solution using equations (39a, b).

Substituting x, (t) from equa-

tion (54a) into equations (39a, b), we obtain the following system:

X, - 20y, - ox, =

N =

+ Ag cos3pt]

-26-

F1+3 cos2pt1[A; sinQt + A, cos(Qt + Ay cosgt

(60a)




y. + 2w§2 - By, = % [sin2¢t][A, sinOt + A, cosOt + Ag cosgt
+ Ag cos3pt] (60b)
Expanding the right hand sides of the above equations and separating all

- cross products of trigonometric functions, we obtain a simplified version which

C is easily solved.

N=

X, - 20y, - o%s A, sinQt + % A, cos(t + % [5 Ag + 3 A;] cosgt

(2 Ag + 3 Ag] cos3¢t + % Ay cos5¢t

Pl =

A, sin (2¢+Q)t - 2— Ajsin (29-Q)t

4
lw

A, cos (2¢tOQ)t + % Ajcos (2¢-Q)t (61a)

"
~w

. . . 3 . 3 .
¥, + 2ux, - By, [Ag-Ag ] singt + 7 As sin3st + = Ag sin5gt

~lw

A, cos (2¢-Q)t - + Ay cos (2¢t()t

Pl

~lw

A, sin (2¢+Q)t + 7~ As sin (2¢-QDt (61b)

Hw

The homogeneous solution is unchanged from the first-order solution except for

the coefficients. That is:

XQH(t) = A/ sinQt + AJ cosQt + A; cosh pt + A/ sinh pt (62a)
yoH(t) = B sinQt + B, cosQt + By cosh pt + B, sinh pt (62b)
where :
By = -yAy
’ By = vay (63)
By = BA{
By = 3A¢d
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The particular solution is found to be:
xgp(t) = C, cosgt + C; cos3pt + C; cos5¢t + C, sin (240t
+ Cs sin (2¢-Q)t + Cg cos (2¢+Q)t + C, cos (2¢=Q)t

+ Cg sin(t + Cgy cos(it (64a)

yép(t) = D, singt + D, sin3¢t + D; sin5¢t + D, sin (24+Q)t
+ Dg sin (2¢-Q)t + Dg cos (2¢+Q)t + D, cos (2¢-Q)t

+ Dg sin(t + Dy cosQt (64Db)

It should be noted that the sinuosoidal part of the homogeneous solution
appears in the particular solution without causing resonance. This is due to
the particular way in which the differential equations are coupled. The con-

stants are defined below.

c - 3/2 4 (As-Ac) - 1/4 (¢7+8)(5As + 3As)
1

(°+a) (F+B) - buf o (©%2)
_9/2 wp Ag - 1/4 (922+B)(3A; + 24s)
C: = (9¢?+a)?9@2+8) - 360° ¢° : (630)
_ 3/4 A (10wg -25¢°-B)
Ca = (254°+a) (25¢°+B) - 100w°> (652)
o, =314 ATQeH® ~20 (2¢+0) + B] (654d)
s T @2at0) B+ 1T (24+Q)° +B 1-4uPRA+(0) 2
_3/4 MT(24-0)% ~2¢ (2¢-Q) + BT
Co T TR a1 (24-0) 7 +8 =40 (29-0)° (63¢)
o 23/b AT (264 °- 20 (20+Q) + B] (65f)
& T4er(2,+0)% -1 (2¢+Q)2+a ][ (2a+Q)2+8 ]
_3/6 A[(2¢-0)% - 20 (2¢-0) + B]
Cr =hw3(24-1)2 -[(20-D2+a [ (29-(DE+B ] (658)
_ 1 (B+®) A
o = 72 T@+P) (BHP)- &f(F) (30
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Co = - % [(a+ég;%§ié§) T4 @F] (651)
D, = - szCI(;23i4B§A5‘A6) (66a)
D, = - 6w¢C(13¢g i/g)As (66b)
D, = - 10w<§<5:;2++3é4 Ag (66¢)
D, =_2u(2?;g)+g§2++3é4 Az (66d)
b, =220 Ot 30 bo (66e)
D = 20 (2¢-0) Cs - 3/4 A
7 (2¢ - Y= + B (66g)
Dy = - 1/2 Agzlg(aﬂf) Co (66R)
D, = M2 & ;ué?+cﬁ) Ce (661)
/ 1 f, X
A/ = “5-0p 15[04 (2¢+Q) + C5 (24-0) + CgQ) - p [(D; + D, + Dg]f (67a)
Al = YQiPS {Dl@ + 3D, + 5 Dgo + (20+0) D + (2¢-0) Ds + Dg(
-8 [C; +C, +C3 +C; +C, + cgj} (67b)
A =-1C, +C, +C3 +Co +C, +Cp] - A] (67¢)
Al = - % Dy + D, + D] - % A/ (67d)
The second order solution is thus given by:
%, (t) = (A) + Cg) sinOt + (A + Cg) cosOt + A cosh pt + A, sinh pt
+ C, cosgt + C, cos3pt + C3 cos5¢t + C, sin (2++Q)t
+ Cg sin (2¢-0)t + Cgz cos (2¢+Q)t + C, cos (2p-Q)t (68a)
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4

y, (t) = B, + Dg) sinOt + (B, + Dy) cos(it + B, cosh pt + B, sinh pt
+ D, sinAt + D, sin3#t + D sin5¢t + D, sin (2¢+O)t

+Dg sin (2¢-Q)t + D cos (24+Q)t + D, cos (2¢-)t (68b)
In the case of this solution the hyperbolic terms are left intact to
demonstrate the increasing instability of the solution.
3.3 COMPLETE SECOND ORDER SOLUTION

The complete second order solution is given by:

x(t) x; (t) + Kax, (t) (69a)

y(t) =y, () + Kay, (L) (69b)

where x,(t), x,(t), y,(t) and y,(t) are given by (54a), (54b), (68a) and (68b),

respectively.

Thus the complete solution becomes:

x(t) = [A; + Ky (A/+Cg)] sinat + [A, + Ka (AJ+Co)] cosQt

+ KyA; cosh pt + KsAé sinh pt + [Ag+KaC, ] cosgt + [A6+K3Cp] cos3¢pt
+ KzCzcosbpt + KaCs sin (2¢+Q)t + KaCg sin (24-Q)t
+ KaCq cos (24+Q)t + K3C, cos (2¢-Q)t (70a)

B, + Kz (B/+Dg)] sinQt + [B,+K5z (BS+Dg) ] cos(t

y(t)
+ K3gBs cosh pt + K;B, sinh pt + [(Bg*KsD; ] singt + [B.*+K3D, ] sin3¢t
+ KaDz sind4t + KD, sin (24tQ)t + KzDg sin (2¢-Q)t

+ K3Dp cos (2¢+Q)t + KszD, cos (2¢-Q)t ' (70b)

The numerical values of the coefficients will be given here for a typical

trajectory originating at L,.
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Since the initial conditions chosen are periodic only as far as the first order

solution is concerned, we will rename them quasi-periodic for the complete

solution. Thus, the quasi-periodic initial conditions for a start at L, are:

x(0) =0

y(0) =0

x(0) =0

y(0) = -.13750

Then:

A, = O

Ao = 0.81922

Ag = -0.09389

As = -0.72532

B, = -1.53929

B, = 0

Bs = 0.43798

Bg = -1.09595

Al =0

A, = 4.6669
, = -5.0343

Al = 0

B, = -8.7691

B, = 0 D, = 1.9471

Bs = O Ds = 0.89387
B, = 18.2830 D, = 4.5579

C, = 3.6139 D; = -1.6151

C, = 1.6983 Dg = 0

Cs = 0.74566 D, = 0

Ca = O Dg = -0.92132
Cs = O Dg = O

Ce = =-3.9235 K; = 0.29525 10-3
C, = -1.2766 = 0.4833081
Ce = O ¢ = -0.2128

Co = -0.49033

D, = 1.7124

3.4 TABULATIONS AND GRAPHS OF SAMPLE TRAJECTORIES

The results of our computations will be tabulated and plotted in the follow-

ing pages., First, the first order solution will be presented with periodic ini-

tial conditions for a few different cases. Then the complete second order solu-

tion, with quasi-periodic initial conditions, will be given. The instability of

the motion will be demonstrated in this solution. However, it may be noted, the

divergence of the motion commences only after 23 days for a motion initiating

at L,, with quasi-periodic initial conditions. Thus the rate of growth of the

divergence from the periodic motion is rather slow and probably could be

corrected with the aid of an onboard engine.
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Y (km)

10 DAYS

4.0 —

3.0

2.0 - (1.6,1.6)

1.0
20 DAYS

17

-4.0 -3.0 1.0 2.0 3.0 4.0
X Akeh)
15 DAYS
Figure 6. Trajectory of Satellite Around L,
First Order Solution
Periodic
Initial Conditions
x=1.61 km
y=1.61 km
x=0.414 km/day
y==1.60 km/day




0C

uoiynjog 1api) 4sily
SWIL SNSIBA 3j1||24pg Jo Ayd0f8p  */ aunbiy

Amxo_ov;,

8l 91 1 Zl ot 8 9 Z 0
I e e Y A e a 1 0
Aop funt 0g9*|-=4 |
Aop /wf p|peQ=X

wi |97 =4

wy [9°| =X —0°1

suoljipuod)

[oH1u} oiporisy

(Aop /wiy )

0'v

-35-



0¢

uolnN|og JapIQ isdi
BWi) SNSISA 241]|24DG 4O UOIIDIB|82OY *g aunbiy

(shop) 4
8l 91 i 4 ol 8 9 y 0
| — 1 _ I _ |} _ J _ I _ 1 — 1 _

—0°1
—o0°¢

Aop /uiy 09° |- =4

Aop /wy p|y*0 =%

wy |9°] =4

wy 19°] =X

SUOI}IPUOY) |DI}IU| D1pOLIaY

~o'e
0¥

(ZAop/u»I) D

-36 -




0¢

swi|l snsiop ¢ wouy a41)je4pg jo sbupy

COID_OW ._QULO is114

(sAop) 4
0l

‘6 2inbiy

A

Aop /wx 09° |-
App /Wi | §°0
wy 19y
wy |9°] =
suol}1puor)

H
X >NeXe

|P141u} U:UO_.‘_QA_

I _ |

0°1

(wx) ¥

-37-



8IEHT "1~ 96116°C 6+700L " 6S106° 1 65L12°C 87.88°1 00°6Z
$6598° - 60€L6°€ 68896° LTS T L8S8L°€ GTs0T°1 00°%¢
LTLeT” - 8056% "% TLSET"T 8%261" 1 12€6%°Y GL6ZT" 00°€2
GLESY" L2922y 0%%60" T SELSH T €1960° % 890%0° 1~ 00°22
£9080° 1 %650€° € 9¢6.8" €09.6°1 0%199°¢ 91196° 1~ 00°1¢
60€9%" VAN A VAR 09989° 1€252°¢C 6909S " Ev8he - 00°07
8Tv8L" - 168€9°¢ 76508° ZeLIT T z€T€9° 1~ 662L0°2- 00°61
16008° - €LETS°€ L1SS0°1 9€299°1 6L1TE €~ %9€02° 1~ 00° 81
Z6SH1" - 16220 Y Z1991°1 697821 05220° %= €9110° 00°L1
80695 ” L186L°€ $6850°1 G6eSH 1 £096G°€- 867z 1 00°91
62198° 72620°¢ %0L08" 68558° 1 LS96T°C- 96580°¢C 00°ST
z1092" L0S8E" T 016%9° €T€10°¢ 99292° - 960L€° 2 00" %1
8169S" - 6.009°C L9SLL” 0L€08°1 £€8€€9°1 €6€£20°C 00°€1
8IWLY" - 88881 ¢ SL%S6” 81%9¢"1 05€96°¢ GGLLT'T 00°71
62960° LLE6E € 76£86° €L160°1 €ET6EE %1660° 00" 11
649" 90€00 " ¢ 0gee8” Sv687° 1 75498 ¢ 19106° - 00°0T
80€LL" €L5€2°C 8856G" L128G°1 S6€6S° T 9L19G° 1~ 00°6
£8810° 0%99L°1 1I9L%" 89€%9°1 60520 - €799L° 1~ 008
£6959° - 2€991°¢ 0%596" I961%° 1 ZS16S° 1~ 98T16" 1~ 00°¢L
8£705" - 8016L°C £%999° 86L10°1 €629 ¢C- owine" - 00°9
€5SH0" - €EVLO € 96169° €8889° %6£90° ¢~ 65252° - 00°¢
ATALN 81¢88° ¢ 966G " S61TL” 78658°2- 0€99¢° 00" %
0S91." 8€10¢°¢ 6899¢ " S0LZ6" 8C191"¢- Zh06L " 00°¢€
762G " 76L€S°1 88912Z° 08Z%0" 1 L8S8T" T~ Gl6L6" 00°2
SL8%T" 0S¢L6° 0T1LT" 65020° 1 98%%1° - 99796° 00°1
6SL9%" - 86/€1"1 L0%0Z" 85768° | L9%08" £9%08" 00°
(Aep/sas (sa93su (Lep/saa] (Aep/si93 (sa33ou (sa93om (sAep) 23
-2WoT 1Y) wm -o11Y) ¥ -2WOTTY) ®B -2WOTTN) A -o11y) £ -oTTY) X
$6660° T~ = °g 0o = °g z€5TL70- = %% 0= "%
86LE7°0 = °d L9%08°0 = 68€60°0- = Y 68€29°1 = %y
0 =7"d 92160°¢- = '@ 0 =¥ gz8zy 0 = v
10T X 9868/81°0 = A 180€€8%°0 = U 0008212°0- = ¢
$2898°0- = (0)4 86902°0 = (0)x 5080 = (0)4 <080 = (0)x
SUOTI3lTpuo) TeTijTul OTIpOTaad U3TIm uorTinjos I9JpAQ IsaATH

6 219l

-38-




110¢T1° 90606° ¢ 619¢6° L0LL6° 16806° ¢ 6veeco” - 00°0¢
Leeel” 0999%°¢ 9689L° O7L61° 1 908%E" ¢ L1868 - 00° 6%
66¢20°1 60166°¢ 660€S " 9¢68%° 1 eIt ¢ 0%0ey " 1- 00°8Y
011%9° £0T¥9°1 8650%° 76%56°1 £09LS”" 669¢S° 1~ 00° L%
€L8LE" - 068¢c°1 AN TN S009¢€°1 68698° - 1¢€L6¢C 1~ 00°9%
£Cc6es” - 6£090°¢ LTSS 8£866° 9GL¢C6° 1~ 768CL° - 00°sY
Leoce” - TeGeh ¢ 7e8eS” 9¢0%9”’ ARAS Ay L6ETT" - 00" %Y
9%8HT " L8y ¢ 092%%” Tec1s” GGEGy ¢~ c160%" 00°¢v
9661%" T6T6T" ¢ 6.80¢" 6£9¢9° 969%0° ¢~ £8€8L° 00" 2%
6L7€6" 900471 89681° 06chL” GL88E" T~ 1¢186° 00" 1%
7470¢%° 600021 Tcelt” cg98L” 62029" - 8€L70° 1 00°0%
€8%00" - 6C1L6" LLyite” 90€9.° 0l66T° €L866° 00°6¢€
18L¢€€" - AN TRR €C69T° VATA LN 6E£s98” GI%6L” 00°8¢
o6cee” - 260€G6°1 7H66T” 29¢LS” 789€%° 1 0%8es” 00°L¢
ceHws1” - 6158471 c9cse” 969L%" 968LL° 1 86841 ° 00°9¢
9€660° 6%918°1 296¢%° 65€6S° 7968L° 1 g9geee” - 00°s¢
9189¢” 60819°1 899%%° 26918° LOTL€° 1 #€8G68° - 00°%¢
G8CK0° 7eeIy 1 7LG6¢E" L€860°1 969¢S” ERTIIL 1~ 00°¢ce
9L€56" - WLwL9°1 9¢6s¢e” INASTAN 889€9° - 168%6 1~ 00°Z¢
BOGHL® - 6%769¢° ¢ TL2Ly” 196021 G6GL8° T~ AT A 00°1¢
£8¢8Y° - 0ce1o’¢ 72689 ° 06166° 01968° ¢~ #6096° - 00°0¢
0co%0° 69L%C° ¢ €CcIye” 76806 ° T6E%C €= 6595T1° - 00°6¢C
0%8LS° L96C6°¢C £7¢e8”’ 91¢SZ°1 L0028 ¢~ 768LL" 00°8¢
LT099° 6L6€C° ¢ 9L9T1L° 98veL 1 606467 ¢8986°1 00°L¢
10¢1%° - £1L20°¢ 6908¢° £8686°1 16¢se” 7€110°¢ 00°9¢
A%mv\mumw (sxojoum (gABp/Sao] (Aep/si93] (CEEFEL (sxa3°2u (sAep) 3
-duWoTTY) mm -oTTY) ¥ -duOTIY) B -2WOTTY) A -oTTY) £ -oTTY) X

SUOI3Tpuo) TeIITUI OIPOTIdd Y3ITM UOTINTOS I9pI0 ISIATI

(penutjuod) 6 °1qel

-39-



10 DAYS

2.0

Y (km)

50 DAYS

(0.8, 0.8)
40 DAYS

L/

X (km) -2.0

20 DAYS

30 DAYS

Periodic
Initial Conditions
x=0.805 km
y=0.805 km
x=0.207 km/ day
y=-0.868 km/ day

Figure 10. Trajectory of Satellite Around L,
First Order Solution
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First Order Solution
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Figure 21. Trajectory of Satellite Around L,
Complete Second Order Solution
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